Abstract. A system of quasilinear degenerate parabolic equations arising in the modeling of diffusion in a fissured medium is studied. There is one such equation in the local cell coordinates at each point of the medium, and these are coupled through a similar equation in the global coordinates. It is shown that the initial boundary value problems are well posed in the appropriate spaces.
1. Introduction. We shall study the Cauchy-Dirichlet problem for degenerate parabolic systems of the form (1.1b) (1.1c)
Here is a domain in ]R' and for each value of the macrovariable x E is specified a domain with boundary Fx for the microvariable y E fl. Each of a, b, # is a maximal monotone graph. These graphs are not necessarily strictly increasing; they may be piecewise constant or multivalued. The elliptic operators in (1.1a) and (1.1b) are of p-Laplacian type, i.e., they are nonlinear in the gradient of degree p-1 > 0 and i i>i q-1 > 0, respectively, with + , so some specific degeneracy is also permitted here. Certain first-order spatial derivatives can be added to (1.1a) and (1.1b) with no difficulty, and corresponding problems with constraints, i.e., variational inequalities, can be treated similarly. A particular example important for applications is the linear constraint (1.1c'), U(x,y,t) u(x,t), y e F, x E which then replaces (1.1c). The system (1.1) with #(s) 71slq-2s is called a regularized microstructure model, and (1.1a), (1.1b), (1.1c') is the corresponding matched microstructure model in which (formally) e --+ 0. An example of such a system as a model for the flow of a fluid (liquid or gas) through a fractured medium will be given below. In such a context, (1.1a) prescribes the flow on the global scale of the fissure system and (1.1b) gives the flow on the microscale of the individual cell at a specific *Received by the editors April 23, 1990 ; accepted for publication (in revised form) January 30, Systems of the form (1.1) were developed in [21] , [22] , [10] in physical chemistry as models for diffusion through a medium with a prescribed microstructure. Similar systems arose in soil science [5] , [14] and in reservoir models for fractured media [11] , [16] . An existence-uniqueness theory for linear problems which exploits the strong parabolic structure of the system was given in [24] . Alternatively it is possible to eliminate U and obtain a single functional differential equation for u in the simpler space L2(), but the structure of the equation then obstructs the optimal parabolic type results [18] . Also see [13] for a nonlinear system with reaction-diffusion local effects. These systems also arise from methods of homogenization. There an exact model is assumed periodic and described by a parabolic equation with periodic coefficients corresponding to the properties of the two components, the cells and fissures. The limit of this highly singular problem as the period tends to zero is the system (1.1), which is thereby justified as an approximation for the exact model. Homogenization theory provides not only a justification of the linear case of (1.1) as a model but also a means of calculating the coefficients in (1.1) in terms of those of the exact model, and a deeper analysis may describe the convergence itself [25] , [17] The essential construction to be used below is an example of a continuous direct sum of Banach spaces. The special case that is adequate for our purposes can be described as follows. Let S be a measure space and consider the product (measure) space Q gt x S, where f has Lebesgue measure. If U Lq(Q) then from the Fubini theorem it follows that V(x)(z) =_ U(x,z), x e ft, z e S defines V(x) e Lq(S) at almost everywhere x t, and for each Lq' (Q) 
The state space for our problems will be the product LI() LI(Q). Remark. For the very special case of p q 2 and a(u) u, b(U) U in the situation of Proposition 1 it follows from [7] or [20] that the Cauchy-Dirichlet problem for (1.1) is well posed in the space Lp(0,T; W'P() x W) with appropriate initial data u(x, 0), U(x, y, 0) and source functions f(x, t), F(x, y, t). A similar remark holds in the case of Proposition 1 for the matched model with (1.1c). These restrictive assumptions will be substantially relaxed in the next section.
rthermore, variational inequalities may be resolved for problems corresponding to either the regularized or the matched microstructure model by adding the indicator function of a convex constraint set to the convex function .T hus such problems can be handled with constraints on the global variable u, the local variables U, or their difference Au-U on the interface. for some e O(U-Au) in Lq' (,Lq' (F)). Thus, C2 is the restriction of (2.6) to L2() x LZ(Q). 
Proof. Since a is Lipschitz and a(0) 0, we have a(u -u2) e W'() and a(U U2) Wq. Also the chain rule applies to these functions, so we compute
As a consequence of Lemma 3 with a(s) s, the operator E is monotone on the Hilbert space L() L(Q). Moreover, we obtain the following. 
Proof. To show E is maximal monotone it suces to show that for any pair
O(u-). Next we suppose Om is a function. Choose j(s) s+, so that Oj sgn+, and then set a(x) sgno+(U u2 + a a2) e sgn+(u u2) n sgn+(a a2), a2(x,y) sgno+(Vl U2 + b b2) e sgn+(U U2) n sgn+(b b2).
where e > 0 can be chosen arbitrarily small (see (2.9)). The right-hand side is bounded using Hblder's inequality.
c(e)llH(U)llqL" This follows from the Crandall-Liggett theorem [9] , which is proved by showing that the step functions (aN, bg), constructed from solutions to the differencing scheme (3.7) (an,bn) -(an-,bn-) + TC(an, bn) T(fn, Fn) (T --), converge uniformly when the operator C is m-accretive. Benilan [6] Proof. The results of Grange and Mignot [15] show that the step functions (aN, bN) and (uN, UN) generated from the differencing scheme (3.7) converge weakly in V(T) and V(T), respectively. Moreover, equation (3.8) 
